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Abstract 

In this work we obtain the limit of the Hawking energy of a large class of foliations along 
general null hypersurfaces satisfying a weak notion of asymptotic flatness. The foliations 
are not required to be either geodesic or approaching large spheres at infinity. The limit is 
obtained in terms of a reference background geodesic foliation approaching large spheres and a 
positive function, constant along the null generators on C, which describes the relation between 
the two foliations at infinity. The integrand in the limit expression has interesting covariance 
and invariance properties with respect to change of background foliation. The standard result 
that the Hawking energy tends to the Bondi energy under suitable circumstances is recovered 
in this framework. 


1 Introduction 

For any closed spacelike surface S with spherical topology embedded in a four dimensional space- 
time, the Hawking energy is defined by 

\/T T T /aT ’ 

where H is the mean curvature of S and |S| is the area of S. 

The Hawking energy was introduced by Hawking m and under certain circumstances it gives 
a measure of the total energy contained in the surface S. However, it is well-known that this 
is not always the case. For instance, in the Minkowski spacetime any surface embedded in a 
spacelike hyperplane has negative Hawking energy, except for round spheres where it vanishes, 
while there are spacelike surfaces embedded in the time-cylinder over a two-sphere with positive 
Hawking energy. For surfaces embedded in the past null cone of a point (also in Minkowski) the 
Hawking energy turns out to be identically zero. In more general spacetimes, the small sphere 
limit of the Hawking energy has been studied by Horowitz and Schmidt |15] who found that, for 
suitably constructed surfaces embedded in the future null cone of a point p, the leading term of 
the Hawking energy agrees with the energy-density at the vertex or, if the spacetime is vacuum 
at p, by a suitable time-component of the Bel-Robinson tensor. Hence the Hawking energy enjoys 
interesting positivity properties in this limit. 


1 



In the opposite regime of very large spheres in an asymptotically flat spacetime the Hawking 
energy also has interesting properties, at it is known that for suitably round spheres at infinity, 
the Hawking energy approaches the ADM or Bondi energies. More precisely, in the asymptotically 
flat spacelike context, the Hawking energy of the surfaces of constant coordinate radius r in the 
asymptotic region has a limit when r —)• oo which agrees with the ADM energy of the hypersurface 
m- In the asymptotically hyperboloidal case, the approximate Bondi spheres have the same 
property, the limit now being the Bondi energy (see m for details). When the surfaces are 
embedded in a null hypersurface intersecting null infinity on a cross section, the limit of the 
Hawking energy is again the Bondi energy provided the surfaces approach large spheres in the 
sense that (see m, 0 and Sauter’s Ph.D. thesis [26] where this result is explicitly quoted): 

/Coo := lim ^/C(r) = 1, (2) 

r—>-cxD 47r 

where {Sr} is the collection of surfaces along which the limit is taken, IS'r] is the area of Sr and 
/C(r) its Gauss curvature. Since /Coo is the Gauss curvature of the surface at infinity after a suitable 
rescaling, the condition above states that the surfaces approach large round spheres at infinity, in 
agreement with the behaviour in the asymptotically Euclidean and hyperboloidal cases. 

It turns out, however, that understanding the behaviour of the Hawking energy at infinity 
when the condition of round spheres is not imposed is much more subtle. The aim of this paper is 
to carry out such an analysis for surfaces embedded in a asymptotically flat null hypersurface (we 
give below the precise definition). This problem is interesting for several reasons. First of all, it is 
relevant in order to help clarifying the physical meaning of the Hawking energy, which, as already 
said, is related to an energy in some circumstances but not in others. From a more practical point 
of view, the Hawking energy has become a very valuable tool for various problems in geometric 
analysis. The underlying reason is that the Hawking energy enjoys interesting monotonicity 
properties for specific flows of surfaces. In order to become truly useful, this monotonicity needs 
to be complemented with a good behaviour of the Hawking energy at infinity, so that its asymptotic 
value can be related to the ADM (or Bondi) energies of the spacetime. Whenever the flow can be 
proved to approach large round spheres, the results above suffice, but often this is not the case 
and understanding the behaviour of the Hawking energy at infinity under general circumstances 
becomes a useful piece of information. 

To be more specific, the Hawking energy has played a fundamental role in the proof by Huisken 
&: Ilmanen m of the Penrose inequality in the time-symmetric, asymptotically euclidean case 
in four spacetime dimensions. The key fact behind their proof is a monotonicity formula for 
the Hawking energy under the inverse mean curvature flow, first discovered by Geroch [T2| and 
extended by Huisken and Ilmanen to a suitably weak setting that guarantees global existence of 
the flow. On the horizon Sh (a connected outermost minimal surface in this case), the Hawking 
energy agrees with l/lGvr. At infinity, the authors were able to prove that the flow makes 

the surfaces sufficiently round so as to guarantee that the limit of the Hawking energy is not larger 
than the ADM mass, thus establishing the Penrose inequality Madm > vfSy/lGvr. 

Monotonicity of the Hawking energy has been studied in various contexts, both as codimension 
one flows within spacelike [T8| or null hypersurfaces [26] or as codimension-two flows in a spacetime 
setting where the notion of uniformly expanding flows where introduced and sufficient 

conditions for mononicity of the Hawking energy were found. Spacetimes flows under which 
the Hawking energy is monotonic have received renewed interest recently |5|, where additional 
sufficient conditions for monotonicity have been found and the role of so-called time flat surfaces 
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has been emphasized (see [6] for the relationship with the previous spacetime monotonicity results). 
All these results show that monotonicity of the Hawking energy is a versatile property which can 
be accommodated to many circumstances. 

However, the limit at inhnity of the flows turns out to be much more problematic. This was first 
realized by A. Neves [23] who studied inverse mean curvature flows in Riemannian, asymptotically 
hyperbolic 3-dimensional manifolds with scalar curvature bounded below by a negative constant. 
It turns out that the flow does not guarantee convergence of the surfaces to sufficiently round 
spheres, which, in general, prevents comparison of the limit of the Hawking energy and the total 
mass of the hypersurface. A similar difficulty is faced for flows along null hypersurfaces [26] . 

It is therefore interesting to know, in as much generality as possible, what is the limit of the 
Hawking energy at inhnity without assuming that the surfaces {5'^} approach large spheres at 
inhnity. The null case is particularly interesting because it allows for a very neat description of 
spacelike surfaces embedded in the null hypersurfaces as graphs with respect to a background 
foliation that can be chosen conveniently. We exploit this fact in order to obtain an explicit and 
simple expression for the limit of the Hawking energy at inhnity for a very general how of spacelike 
surfaces. Our main result is as follows (see Section [3] for dehnitions) 

Theorem 1. Let LI be a past asymptotically flat null hypersurface. Let {S',.} he a foliation defined 
as the level sets of a function r : H —>• M satisfying k{r) = — 1 where k is future, tangent to the 
null generators of H and geodesic. Let I be the unique null vector orthogonal to Sr and satisfying 
{i,k) = —2. Assume that {S,.} approaches large spheres with round limit metric q. Consider any 
flow of surfaces {S'r*}, r* = const, defined by 

r = (pr* + T + f,*, (3) 

where (j),T are Lie constant along k with (f> > 0 everywhere and ^ satisfies f = oi(l) 0 
k{f,) = Oi {r~^). Then, the limit of the Hawking energy along {S'r*} is 

M,jn„(Sr) = (/£^) X (4) 

where 

= lim {dk{Sr)r‘^ + 2r) , = lim - 2r) , = lim {rsfl) 

r^oo / c r—>-oo / c r^oo 

and 9k{Sr), OflSr) are the null expansions of Sr and S£{X) := ^{i,'Vxk), X E X{Sr) is the 
connection of the normal bundle of Sr. 

For dehniteness, we work with past null hypersurfaces in this paper. The changes required to 
deal with future null hypersurfaces are indicated in Remark [6| below. 

In addition to this theorem we also hnd an interesting covariance property of the integrand in 
(|H) under changes of background foliation. This is part of the content of Theorems [3l jH and [5| 
below, and which may be of independent interest. 

We conclude by noting that the Hawking energy is also useful as a tool to control the Bondi 
mass of a spacetime. For null hypersurfaces this idea has been exploited by Alexakis and Shao [1], 
who prove bounds for the Bondi energy-momentum for vacuum, null hypersurfaces close to the 
shear-free outgoing null cones in Schwarzschild spacetime. According to these authors obtaining 
the limit of the Hawking energy is particularly difficult, fundamentally due to the lack of a neat 
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formula for the change of the mass aspect function under change of geodesic foliation. Recall that 
the mass aspect function BM is a specific geometric quantity fis defined on surfaces with the 
property that 


mniS) 



l^sVs- 


Theorems ElSl and [S] do provide a simple transformation formula at infinity for an integrand of 
the Hawking energy for foliations approaching large spheres, so a more general application of this 
result may well have interesting applications also in the context of Alexakis and Shao’s work. 

As a more general application of our results, flows along null hypersurfaces are likely to play a 
role in many attemps to prove the Penrose inequality at null infinity, cf. [E], [3], [m, [21], [7], [22]. 
The general methods developed in this paper to deal with general foliations in null hypersurfaces 
are thus likely to be useful in that context as well. 

The paper is organized as follows. In Section [2] we recall the geometry of graphs over a back¬ 
ground foliation in a null hypersurface. For the sake of generality, we work here in arbitrary 
dimension and with general foliations transverse to the null generator, even though for the rest 
of the paper only dimension four and geodesic background foliations are used. In Section [3| we 
introduce our definition of asymptotically flat null hypersurface and consider some simple conse¬ 
quences. We also introduce the notion of energy flux decay condition which imposes additional 
decay on some components of the Einstein tensor and which is used later on in Section [T] In 
Section 0] the definition of approaching large spheres is introduced. Section [5] is devoted to find 
the limit of the Hawking energy for geodesic foliations. Given a background foliation approaching 
large spheres we consider first what happens for other geodesic foliation starting at the same initial 
surface (Theorem [2]) and then the case when the foliation has the same null generator but starts 
on a different surface (Theorem 0|). We find, in particular, an interesting covariance property of 
the integrand arising in the limit expression of the Hawking mass under changes of background 
foliation (Theorems [3| and dj). The case of non-geodesic foliations is treated in Section [H We 
devote Section [7| to recover the well-known result that the Hawking energy tends to the Bondi 
energy when the foliation approaches large spheres. This involves recalling known properties of 
the relationship between the conformal group of the sphere and the Lorentz group in Minkowski, 
with a subtlety that arises when the hypersurfaces extend to past null infinity. We also compare 
our results with the analysis of the limit of the Hawking energy in the so-called null quasi-spherical 
gauge by Bartnik [2]. 


2 Setup 

Let (M,g) be a time-oriented spacetime of dimension n -|- 1, n > 3. We consider a smooth, 
connected, null hypersurface H embedded in (A4,g). Let k he a. smooth, nowhere zero, future 
directed null vector field tangent to H (i.e. a null generator). Since the integral curves of k are 
geodesics, there exists Qk G -F’(H) such that Vkk = Qkk, where V is the Levi-Civita covariant 
derivative of {Ai,g). We make the assumption that there is an embedded spacelike connected 
hypersurface So in H (with embedding <ho) such that any integral curve of —k intersects So 
precisely once. This implies the existence of a smooth map tt : H —)• So (we identify So with its 
image, the meaning being clear from the context) which sends p G H to the intersection of the 
integral curve 7 ^ of —k passing through p with Sq. The map vr is clearly a submersion. We choose 
the parameter A of the curve 7 p so that 7 ^( 0 ) = p. 
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Given k, So and a constant tq, a scalar function r € is defined by k{r) = —1 and 

r{p) = ro for all p G Sq. Let (r_(p), r+(p)) be the range of the function r restricted to the curve 
7 p. We also assume that the open interval {R- := := inf 5 (,r+) is non-empty. The 

function r having nowhere zero gradient, the level sets Sr^ = {r = ri} are either empty or smooth, 
embedded (not necessarily connected) hypersurfaces. The collection {S'r} is a foliation of Cl. For 
ri G the hypersurfaces Sn are in fact connected and diffeomorphic to Sq- 

At any p G n let i\p G TpM. be the unique null vector field satisfying {k,i)\p = —2 and 
{i,X)\p = 0 for any X G TpSr(p). Sr is endowed with an induced metric 75 ^, with two null 
second fundamental forms K^(X,Y) := {'Vxk,Y), K^{X,Y) := (Vx^, T) X,Y € X(Sr) and with 
a normal bundle connection one-form S£(X) := —^(Vx^,k}. 

In order to obtain the limit of the Hawking energy as described in the introduction, we need to 
relate the geometry of different spacelike surfaces embedded in H. Consider a spacelike embedded 
hypersurface 5 in H with embedding : S —)• fl and let p G S. This hypersurface is uniquely 
defined by a diffemorphism T : S —?■ T(5) C So and a function F G X{S) as follows. For all 
p G S define F(j)) = r(<k(p)) and T(p) = (tt o <I>)(p). Conversely, a function F G X{S) with image 
in (r_(p), r+(p)) and a diffeomorphism T as above defines an embedding 

f^^ 7 ^(p)(A = F(p)). 

We want to relate the intrinsic and extrinsic geometry of 5 at p with the geometry of the surface 
Sr=F{p)- Since this is all local we can assume 'I'(5) = So, which makes the presentation simpler. 
We extend F to a function on H defined by F{q) = o 7 r)(g)). We keep the same symbol for 

the extension. It is clear that k{F) = 0. For the extrinsic geometry of S (we again identify S with 
its image) we define at p G 5, the null normal ls\p by the conditions (£ 5 , k)\p = —2 and (£ 5 , X) = 0 
for all X G TpS. The null second fundamental forms and the normal connection one-form 

Sig are defined similarly as before. The following Proposition is known (see e.g m) when the 
background foliation {Sr} is geodesic (i.e. = 0). Although this is the situation we will require 

later, we include for the sake of generality the non-geodesic case as well. Our proof also follows a 
somewhat different approach. 

Proposition 1. Let p G S, then the map 

Tp : TpSr=F(p) —^ TpS 

X —^ A' := A - X{F)k 

is a well-defined isomorphism. The induced metric 75 , null second fundamental forms 
and normal bundle connection S£g of S are given by 

^s\p{X',Y')=^{X,Y), (5) 

K\X',Y')\p=K\X,Y) ( 6 ) 

S£g{X')\p =S£{X) - K\X,grad F)+X{F)Qk (7) 

K^s{X',Y')\p =K\X,Y) + \DFfK^{X,Y) + 2X{F)si{Y) + 2Y{F)s£{X) 

- 2X{F)K’^{X, grad F) - 2Y{F)K^{Y, grad F) - 2HessF + 2QkX{F)Y{F) 

( 8 ) 

where 7 , , S£, grad , Hess and |T)Fp = {grad F, grad F) refer to the surface Sr=F{p) o.'^d 

are evaluated at p. 


5 


The proof is based on the following simple identity that may be useful in other contexts. 

Lemma 1. Let S be an embedded spacelike surface with embedding 'h : S —> A4. Select a pair 
of null normal vector fields {k,£} along S satisfying {k,£) = —2. For any vector field on a 
spacetime neighbourhood of S write its deformation tensor as £^g := a^. Then 

a^{X,Y) = -{i,t,K\X,Y) - {i,k)K\X,Y) + (T) + {X), X,Y & X{S) 

where V'^ is the Levi-Civita covariant derivative of S, := and ^ := g{Cr)- 

Remark 1. Given | merely along S, this result can be applied to any extension of ^ to a neigh¬ 
bourhood of S, the result being independent of the extension. 

Proof. Decompose f in tangential and normal parts ^ and in the null basis {k,i} 

^ i)k — k)i + ^11 so that 

a^{X,Y) = {Vx^,Y) + {VY^,X) 

= -{C,i)K\X,Y) - {C,k)K\X,Y) + {Vx^Ky) + (Vy|ll,X) 

= -{i,(.)K\X,Y) - {i,k)K\X,Y) + + (V^C'U) 

= -{i,t)K\X,Y) - {^,k)K^{X,Y) + (Vi^ll)(y) + (Vf^ll)(X). 

□ 

Proof of the Proposition. Tp is well-defined provided X — X{F)k is tangent to S. This follows 
because S is defined by r — F = 0 (note that d{r — F) 0 everywhere) and Cx-X{F)kif ~ Y) = 
—X{F) — X{F)k{r) = 0. Tp is obviously injective, hence an isomorphism. Properties ([5]) and ([ 6 ]) 
are immediate (and well-known). For the remaining parts we note the decomposition 

^s\p = ^+\DF\^k-2gr&d F\p, pGS, (9) 

which holds because the right-hand side is null, satisfies (is^k) = —2 and is ortohogonal to 
X' = Tp{X), fov all X E TpS. To show ([7|) we compute 

sesiX') = -i(VxT5,A:) = ^{Vx'kJs) = ^{Xxk - X{F)Xkk,es) 

= .se{X) - K\X,gmd F) + X{F)Qk. 

For the null extrinsic curvature we use Lemma [TJ First observe that the right-hand side of 
([^ makes sense for all p E D, so it defines an extension of ig which remains null and satisfying 
{(■Sik) = —2. Extend also Y E TpSr=p(p) to a neighbourhood under the condition that remains 
tangent to the foliation {S^}. This induces an extension of Y' which remains orthogonal to ig. 
Note 

[k,Y'] = [k,Y] - k{Y{F))k = %Y] - [hY]{F) = {[k.Y])' 

which shows that [k,Y'] is tangent to iS at p (and we used that [fc, y]|p is tangent to Sr=p(p)). 
We apply Lemma [T] on the surface and to the vector field £g. Concerning the deformation 
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tensor 


{Vx^s,Y) = {Vx'+x{F)ds,Y' + Y{F)k) 

= {Vx'is, Y') + X{F){Vkis, Y') + Y{F){Vx'£s, k) + X{F)Y{F){Vkis, k) 

= K^^{X',Y') - X{F){XkY',ts) - 2Y{F)sts{X') - X{F)Y{F){Vkk,is) 

= K^^X',Y')-X{F){[k,Y']+XY'k,£s) - 2Y{F)se,{X') + 2QkX{F)Y{F) 

= K^^X'X) - 2X{F)si,iY') - 2Y{F)se,{X') + 2QkX{F)Y{F). 
where in the last equality we used that [A:,y']|p is tangent to S. Hence 

ai, {X, Y) =2K^^ {X', Y') - AX{F)si, {Y') - AY{F)si, {X') + AQkX{F)Y{F) 

=2K^s{x',Y') - 4.X{F)si{Y) - 4Y{F)si{X) + 4X(F)i^^(X, grad F) 

+ AY{F)K'^{Y, grad F) - AQkX{F)Y{F) (10) 

after using ([7j) in the second equality. Now Lemma [D gives 

aeg(X,Y) = 2\DF\^K’^{X,Y) + 2K\X,Y) - ARessF. (11) 

Solving for {X\Y') in m and (fTT]l yields the result. 

The following corollary is a trivial consequence of how the null second fundamental forms and 
the normal bundle connection transforms under a boost in {£ 5 , k} 

Corollary 1. Let S as before and for all p ^ S let k'\p = a{p)k\p and £'g\p = where 

a : S !-)• M is a smooth positive function. Then 

sp {X') =se{X)-K’^iX,grad F)+X{F)Qk - -X{a) ( 12 ) 

s a 

K'^'{X',Y') =aK'‘{X,Y) 

K^'s(X',Y')L =- (kUx,Y) + \DF\'^K’^(X,Y) + 2X(F)si(Y) + 2Y(F)si(X) -2HessF 
a V 

-2X{F)K^{X, grad F) - 2Y{F)K’^{Y, grad F) + 2QkX{F)Y{F) ) . 

The trace of and on Sr with the induced metric define the null expansions of Sr and 
are denoted respectively as 9^ and 0^. The relationship between the null expansions 9^, 9ig of a 
graph S with the corresponding ones at the level set Sr=F{p) follow from Proposition [TJ 

Corollary 2. Let S, k' and i'g as in Corollary The null expansions 9y and 9(,i at p G S and 
the null expansions 9^, 9i of Sr=F{p) P related by 

9k' = (13) 

0 ^,^ = 1 + \DF\‘^9k + Aseigrad F) - AK^{grad F, grad F) - 2AF + 2Qk\DF\‘^^ (14) 

where AF is the Laplacian of Sr with the induced metric. 

Another useful identity that will play a role later is the evolution equation for the connection 
of the normal bundle. For geodesic flows this identity is known, see e.g. m- Although again 
this case is all we shall need in this paper, we state and prove the result in full generality (i.e. for 
arbitrary k). 


7 


Proposition 2. With the same notation as above, let X G X(r2) he a vector field satisfying 
[k,X] = 0 and tangent to Sq. Then 

k{si{X)) = -X{Qk) - se{X)9k + {divs^K^){X) - DxOk - Ein3{k,X) (15) 

where Ein^ is the Einstein tensor of{Ai,g). 

Proof. Since Si{X) = ^{Vxk,i), we compute 

k{se{X)) = i(VfcVxfc,£) + ^{Vxk,Vki) 

= ^(VxVfcA: + Riem^'(fe, X)k, £) + ^{Vxk, Vki) 

= -X{Qk) + QkSeiX) + lRiem3(£, k, k, X) + VJ) (16) 

where in the second equality we used the definition of the curvature operator Riem® and [k, X] = 0 
and in the third one we used V^/c = Qkk. For the last term we use the immediate decomposition 

Xki = - 2 ^ - Qki 

where is the vector metrically related to S£. Hence xk,Vki) = —K^{X,s\) — Q^sfiX) and 
(fT6l) becomes 

k{st{X)) = -X{Qk) + ^mem9{£,k,k,X)-K’^iX,s'i). (17) 

To ellaborate this further we use the Codazzi identity applied to Sr along k [23] 

Riem3(y, y, Z, k) = {DyK^){X, Z) - {DxK^){Y, Z) + s,{Y)K^{X, Z) - sfiX)K\Y, Z) 

where X,Y,Z G X(5r) and D is the covariant derivative of Sr- Taking trace on Sr in the first and 
third indices and using that 

tr^^ (Riem^(-, X, •, k)) = Ric®(X, k) + -Riem^(/c, X, I, k) = Ein^(X, k) + -Riem^(A:, X, £, k), 

which follows from the fact that —^{k^£+i^k) is the metric of (TpSr)'^, we obtain the contracted 
Codazzi identity along k 

Em5(X, k) + k, k, X) = (div5,R^)(X) - DxOk + X^(4, - seiX)ek (18) 

Eliminating Riem®(7, k, k,X) in (fT7|) - (fT8]) yields the result. □ 

3 Null Asymptotic flatness of Q and asymptotic behaviour 

The previous section involved general properties of H of local nature and valid in any spacetime 
dimension. We now impose global conditions and restrict to dimension four. First of all we assume 
that H admits a global cross section Sq (i.e. a smooth embedded spacelike surface intersected 
precisely once by every inextendible curve along the null generators) of spherical topology Sq. 


We also assume that for one (and hence any) choice of geodesic null generator k (i.e. satisfying 
Vfc/c = 0) the corresponding integral curve starting at p G Sq has maximal domain (—oo,A+(p)), 
i.e. the null generators are past complete. After possibly removing portions of lying to the 
future of So we can assume that 17 is foliated by the level sets {S'r} of the function r G .^(17) 
defined by k{r) = — 1 , r| 5 Q = vq and that all these level sets are diffeomorphic to Sq (so that in 
particular 17 = 5*0 x (R,oo)). The function r is called level set function of k. If we change 
the selection of null geodesic generator k, the set of points to be removed is different, but since 
we are only interested in the past of So this is irrelevant, and we keep the same name 17. A null 
hypersurface 17 satisfying these properties is called extending to past null infinity. 

In order to define asymptotic flatness we need to impose decay of various objects at infinity. 
First note that covariant tensor fields T on 17 completely orthogonal to k (i.e. satisfying T{k, ■ ■ ■) = 
T(... ,k) =0) are in one-to-one correspondance with smooth collections of covariant tensor fields 
T(r) on each level set Sr- We call such tensors transversal. An immediate example is the first 
fundamental form 7 . The collection of second fundamental forms defines a transversal tensor 
denoted simply by (this is compatible with the notation already used in the previous section). 
Similarly we have the transversal tensors and A transveral tensor field T is positive 
definite iff T{r) is positive definite for all r. A transversal tensor field T is called Lie constant 
iff £kT = 0 . 

A vector field X G X(5o) can be extended uniquely to X(f7) by [k, A] = 0. A local basis {Xa} 
on 5o extended this way defines a basis of each level set Sr- By {Xa} we always mean any such 
basis. A transversal tensor field T on 17 is T = 0(1) iff TAi---Aq '-= T{Xai, • • • ,XAq) is uniformly 
bounded. We write T = On(r~'^), g G M, n G N iff 


r‘?r = 0 (l), r<J+^£kT = 0{l), 


r^+^£k---£kT = Oil). 


We also write T = o{r~‘^) iff liuir^oo r'^T{r)Ai---Aq = 0 and T = o„(r“'^) iff r*+'?(i?fc)*T = o(l) for 
all i = 0,1, • • • ,n. Given a transversal tensor (field) T the tensor is also transversal. We 

write T = iff 


' £xa, ■ ■ ■ £xa, t = 0 ( 1 ) 


Vi = 0,1,••• , n 


It is clear that all these definitions are independent of the choice of {Xa}- 

Definition 1. Let (Ad, g) be a four-dimensional spacetime. A null hypersurface 17 is past asymp¬ 
totically flat if it extends to past null infinity and there exists a choice of cross section So and 
null geodesic generator k with corresponding level set function r with the following properties: 


(i) 


There exist two symmetric 2-covariant transversal and Lie constant tensor fields q and h 
such that 7 := 7 — (r — ro^q — (r — ro)h is 7 = oi(r) n of (r) 


(ii) 

(iii) 


There exists a transversal. Lie constant one-form such that Si := 

There exist Lie constant functions and 6^^'^ such that Be ;= 9i 
o(r“^). 


si-^^sse = oi{r 


e 


(0) 


e 


( 1 ) 


1 —ro (r—ro) 


^ IS »£ = 


(iv) The scalar Riem^(Ay 4 , A^, Ac, Xu) along 17 is such that lim^-j-oo ;j 3 Biem^(A^, A^, Ac, Ac) 
exists while its double trace satisfies 2Ein^(A:,I') — ScaF — k,i,k) = o(r“^). 


9 



This definition of asymptotic flatness is weaker than most existing definition in the literature. 
Sometimes it will be convenient to supplement it with a stronger notion where additional decay for 
some components of the Einstein tensor and for the remainder tensor 7 is assumed. Specifically, 
we say that an asymptotically flat null hypersurface satisfies the energy flux decay condition 
if 


Ein®(£,Xyi)|n = o(r ^), £k^ = Oi{l). 


The name is motivated by the analogous role of density flux that the Einstein tensor component 
Ein^(£, plays in the constraint equations for null hypersurfaces (see e.g. |20jl. 

Given a past asymptotically flat null hypersurface n with a choice of k and level set function 
r, it is convenient to define r := r — tq. The following Proposition determines the asymptotic 
expansion of and provides an explicit expression for 

Proposition 3. Let Ll be a past asymptotically flat null hypersurface with a choice of affinely 
parametrized null generator k and corresponding level set function r. Let 7 (r)"^^ he the inverse of 
7 (r). Then 


+ o{r-^), 

^AB — ~qAB'f' — 2^AB + 0 ( 1 ), 


2/C, 9 


( 1 ) 


+ ^ + o{r-^) 


(19) 

( 20 ) 

( 21 ) 


is the inverse of qab, indices in hatted tensors are raised and lowered with these metrics and 
ICg is the Gauss curvature of qab ■ 

Proof. Expression (I19p is an immediate consequence of item (i) in the definition of asymptotic 
flatness, namely 


lAB = QABr'^ + hABT + 0 i(r) n o^(r). 
Eor expression (1201) we use the standard identity 


( 22 ) 


k{-iAB) = k{XA,XB) = {XkXA,XB) + {XA,XkXB) = 2 K’Xb, 


the last step following from [k, Xa] = 0. Inserting (1221) yields (I20p immediately. Concerning the 
expansion for 61 we invoke the Gauss identity for ( 5 r, 7 (r)), namely [24] 

Riem3{XA, Xb,Xc, Xd) = + {Kbc, Kad) - {Kbd.Kac) 

where K is the second fundamental form vector. Decomposing K = + K^k) we have 

K\euP{XA,XB,Xc,XB) = Riem ^^ y ^^ — -{Kbc^^ad + ^ad^bc) + + ^bd^ac) 

(23) 


The decomposition (l2^ implies that Riem^y^^ = r^Riem^^^^ + 0(r) and given that = 
—QabL + 0(1), it follows from item (iv) in Definition [1] that is of the form 

Kab = LK^q^ab + o(r) (24) 
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with a transverse Lie constant symmetric tensor on ri. Taking trace in the AC and BD 
indices in ([231) and using the fact that = 'y{r)^^XA_ < 8 ) Xb — \ {k® i + ^®k) yields 

2Ein»(A:,£) - Seal® - ^Riem®(£, k,l, k) = 2 /C^(^) + 0^4 - K’XbK^^^. 

Now, = ^JCq + o{r~^) and the decompositions (fT9]l - (l20]) . (| 2 ^ and the trace condition in 

item (iv) of Definition [T] imply 

0 = ^ - «<“>) + o(r- 2 ) 

which, together with item (hi) in Definition [1] proves (1211) . □ 

Remark 2. Note that the expansion for only depends on item (i) in the definition of asymptotic 
flatness. The expression for 6 ^^'^ depends on items (i), (iii) and (iv). 

Remark 3. We can raise the index to the tensor K^(r) with the contravariant metric 7 ^^. Com¬ 
bining the asymptotic expansions (1190 and (1201) yields 

+ o{r ^) (25) 

r 2 r 

and taking trace 

0 k = -‘^ + + o(r- 2 ) := + 0^1 + o{r-^). (26) 

It will be convenient to endow each levet set level set {S^} with a covariant derivative inde¬ 
pendent of r. The natural choice is q which is Lie constant, a metric on each Sr and gives the 
leading term of the asymptotic expansion of 7 (r). Denote by D the covariant derivate of q. In 
the following lemma we find asymptotic expansion of the difference tensor 

DxY-DxY = Q{X,Y) 

and apply it to relate the Laplacians in the metrics 7 (r) and g of a function. This will be needed 
later when relating two different foliations on D. 

Lemma 2. The difference tensor Q admits the decomposition 

Q^b ~ ni^Ah^B + DBh^A ~ hAB)— + 0{r ^). (27) 

2 r 

Moreover, if F is a Lie constant function on Ll then 

A^F = + (-h^^DADBF - {DAh^^)F^c + (D^ 0 i'V,c) ^ + o{r-^) (28) 

Proof. We use the general formula for the difference tensor of Levi-Civita covariant derivatives, 
see e.g. [27] . 

Qab = [Da'^db + Db'Jda — Dd'Jab)- 


11 


Given that DaIdb = + 0(1) and 7 ^"^ = ^(f^ + 0{r ^), expression (f27ll follows. For 

the Laplacian we use 

A.,F = ^^^DaDbF = 7^® (^DaDbF - Q%bcF) 

= + o(r“")) (oaObF^ - ^(OAh^B + DbI^a - b^hAB)F^c\ + 0{r-^ij 

= ^A^F + (^-H^^DaDbF - {DAh^^)F,c + \b^{q^^hAB)F,c^ ^ + o(r-3) 

which is (j28[) after recalling that tiqh = □ 

We conclude this section by showing that the leading term of S£ is fully determined in 
terms of the rest of objects whenever the energy flux decay condition is assumed. 

Proposition 4. Let LI he a past asymptotically flat null hypersurface and assume that the energy 
flux decay condition holds. Then 

sf\ = DAdl}^ - \bBh^A- 

Proof. From item (ii) in Definition [1] and the decomposition ()26l) we have 

c(l) . A .. f) aD^^^ 

£kSA =-^ + o(r~^), 6kS£A = - z^ + o{r~^) and Da^'a: = _ 2 ^ +o(r~^) (29) 

Concerning the divergence of K^b ™ metric 7 (r) we use that the leading term in (I25|) is 
covariantly constant and then replace the D—covariant derivate by the O-derivative and use 
( 5 a_b = 0{r~^) to obtain 

DbK^^c = ^DBh^c + o{r-^) = ^DBh^c + o(r-2). (30) 

Thus, identity (fT5]) (with Qk = 0) becomes 

1 + \bBh^A - DAO^k''') + o(^"') = 0 

and the result follows. □ 

4 Background foliation approaching large spheres 

As discussed in the introduction, the Hawking energy has the interesting and well-known property 
of approaching the Bondi energy when the surfaces approach large spheres in a suitable sense. Our 
general limiting expressions for the Hawking energy will of course have to recover this fact. To that 
aim, it is useful to restrict the choice of affinely parametrized null generator k and corresponding 
level set function r so that the geometry of the level sets Sr approaches, after rescalling, the 
standard metric of unit radius on the sphere, denoted by q. 
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Definition 2. Let fi be null and past asymptotically flat with a choice of affine null generator k 
and level set function r. The foliation {S^} is said to approach large spheres iff the leading 
term q in the expansion (j 22 p of 7 is the standard metric of a unit two-sphere. 

Our definition of approaching large spheres is equivalent to demanding that the rescalled 
metric has a limit q when r — 00. In [26] the dehnition of approaching large spheres 

is defined more generally for exhaustions of 0 with all elements diffeomorphic to each other 
by demanding that the rescalled metric ]^ 7 s has a limit when s —>■ 00 and defines a metric q 
of constant unit curvature. It is clear that both definitions agree for the geodesic foliations {5,.} 
that we are using in this paper. 

Our aim is to consider very general exhaustions on 0 and obtain the limit of the Hawk¬ 

ing energy along them by refering all objects to an affine background foliation approaching large 
spheres. It is important to note that, since all Riemannian metrics on a manifold ~ are con¬ 
formal to the standard metric q, there always exists a (non-unique) choice of affine null generator 
k in an asymptotically flat H with corresponding background foliation {Sr} approaching large 
spheres (cf. Remark |4] below). Tensors raised and lowered with the metric (jab and its inverse 
q^^ will have a circle on top, so that for instance (f3Tl) reads 

+ o(r-3). (31) 

Note also that since q has constant unit curvature, the null expansion has asymptotic behaviour 

9 

9i = - + -At + 

We will consider three types of foliations {S^'} and then combine them to obtain the general case 
treated in Theorem [TJ Given a null basis {k',t'} orthogonal to a section 5 in H and satisfying 
{k',i') = —2, the mean curvature iL of S' decomposes as H = and the Hawking 

energy is 

so our aim will be to compute the limit of the areas \Sr'\ and of Ok'Oi'Tqs^i of the new foliation 
{Sr'} in terms of the background foliation geometry. The following section deals with the case 
when {Sr'l is any geodesic foliation (not necessarily approaching large spheres). 

5 Limit of the Hawking energy for geodesic foliations 

In this section we assume that is null and past asymptotically flat and endowed with a foliation 
{Sr} associated to an affinely parametrized null generator k and approaching large spheres. By 
definition, a geodesic foliation in II is a foliation {Sr'} by cross sections with definiting function r' E 
J^(n) such that the (unique) null generator k' satisfying k'{r') = —1 is affinely parametrized. Thus, 
there exists a positive function (p E J^(II), Lie constant along k such that k' = pk. Consequently, 
the level set functions r and r' are necessarily related by r = r -|- p{r' — rg) where r E .T(H) is 
a Lie constant function. We first consider the case when the two foliations {Sr} and {Sr'} have 
the same starting surface, i.e. that Sr'=ro = Sr=ro, which fixes r = tq. Thus, each of the surfaces 
{Sr'} can be described by a graph function r = ro -|- — rg). 
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Our strategy is to use the general expressions in Section [2] for the geometry of a graph r = F 
in a background foliation, insert the resulting expressions in ()32l) and take the limit when r' oo. 
We start with the following Proposition. 

Proposition 5. Let LI be a past asymptotically flat null hypersurface endowed with an affinely 
parametrized background foliation {S’,.} with generator k and approaching large spheres. Let 4> > 0 
be a Lie constant function and define the geodesic foliation {S',-'} by the graph functions 

r = Fj./ := ro + (flf’, r' := r' — tq. 


Let k' = fik and fl be the null normal orthogonal to satisfying {k',£') = —2. Then the 

induced metric 'y{r'), volume form null expansions 6^/, 9^i and the connection of the normal 
bundle s^/ can be expressed in terms of the background geometry as 


i'ab ■= ^b) = 4>^QABr'^ + f^hABr' + o{r') 

VS^, = + o(r')) Vq 


2 1 2 ^ 
^ + o(r ) 


— — —/ + , _,2 

r cp r 


2 .. . , ..1 (of'' Ah^^cp^Afp^B , , ^^^(P,a{sb)i 




+ 


+ 


(jfl (jfl 

2h^^VA<£B(p , 2VAh^^(p,c 1 


+ 


S£'A = = 


+ 


S"P A (p,Lh^A \ 1 




2(/>2 


^ ) 


(33) 

(34) 

(35) 


(36) 

(37) 


where X'j^ := Xa — XA{Fr/)k. 

Proof. As already mentioned k' is the generator of the foliation {S'^'}. For any point p G the 
level set passing through p has r = F^flp) — tq = (p{p)r'. Thus ([5]) and the background expansion 
(1^21) with q ^ q gives 

IAbIp = = qAB'r'^ + hABr + %=^r' 

which is p3p . (1341) follows by taking determinants and using the standard identity 

det(M + sB) = (detM)(l + str (M“^i?) + 0(s^)), 

valid for any invertible matrix M. For Oy we use the fact that Oj. is a property of 0 and not of 
the surface embedded in Q passing through that point, cf. Corollary [2l Thus 

2 1 

9k' = (p9k\r=(f,r' = “=7 H—^=72 
r (p r 

as claimed in (p5|) . To compute 9^/ we use expression (fTTl) with Qj. = t), a = p and graph function 
F = Fj.' = To + pr'. As before, the right-hand side has to be evaluated at r = pr'. We work out 
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each term separately: 


2 ,__2, 21 ey’ 1 , ,_2, 

r (pr cp^ r ^ 


3 ( 1 ) 


eyDFrP^ = Okl^^V AFr'V sFr' 


21 e^u'’ 1 


-AB 


= ---. + 


(f) r' </>^ 


+ o{r'-y 


1 1 


^2 fl2 ^3 ff3 


+ 0(r' y {<p,Ar'){(j),Br') 


^ + o(r ) 


1^3 j,/ 1 


+ 


</)4 


For the Laplacian of F^' we use ([28]) which gives, using VF^/ = (V(/>)r', Hess^F^./ = (Hess,j(/))r' and 
AgF^/ = (Aq^)r', 


+ I - 


VAh^^^,c , (V^0W)0,c\ 1 




(;i)3 


+ 


+ o(r' 2). 


(f>^ 




For the term S£(grad F^/ 


S£(grad F^/) = seA^^sFr' = ( —^^ + o{r' ^ 


oAB ^ 


Sn A i- 


y + o(r' (l)^Br' 


1^3 y;'2 


+ 0 ( 7 ^ 


and finally F'^(grad F^/jgrad F^/) is, inserting (fT9l) and (l20l) . 

F:''(grad F^/,grad F^/) + o(r'"^) 

{q^^ - (^-qBD(lF' - ^hBD + 0 ( 1 )^ 4>,a4>, 

_-|V(^l| 1 3h^^0,A</>,L 1 


(p^ r 


7 + 


2(/.4 


^ + )• 


Putting things together leads to (l36|) after using ^ = Aj log cp. 

Finally, if we substitute in expression (I12|) the asymptotic expansion of item (ii) in Definition 
m and the expansion of of ([251) . we have 


(t>,A , sf \ 1 , (pA (^,Lh^A 1 , „7^/-l^ 


4>,Lh^A \ 1 


cp 2(p‘^ 


yi + o{F-y, 


where the term in ^ is s^I^a- 


□ 
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Remark 4. The foliation {S'r'} has limit metric limj-z^co i := Q- Using the formula for the 

scalar curvature of a conformal metric it follows 

1 - log (/> 

so that the expansion of O^i is + o(r'“^) in agreement with Proposition [3l Note that the 

transformation law q —?■ cjp'q' for the leading term q in the metric 7 (r) under change of foliation 
k' = (pk holds irrespectively of whether the background foliation approaches large spheres or not. 
Since as mentioned above, any metric on is conformal to q, it follows that any asymptotically 
flat 14 admits a background foliation approaching large spheres. 


(39) 


We can now evaluate the limit of the Hawking energy for the foliation 

Theorem 2. Let Ll be a past asymptotically flat null hypersurface endowed with an affinely 
parametrized background foliation {5"^} with generator k and approaching large spheres. Let T > 0 
be a Lie constant function and define the geodesic foliation {S'r'} by the graph functions 

r = Fr' := ro + , r' := r' - tq 

The limit of the Hawking energy along the foliation {5^'} is, in terms of the background geometry, 

jim - (<’ + (40) 

Proof. Set (j) = so that we can use the expressions in Proposition [5l We need to compute 
Denoting by the coefficient of the term ^ in 0^/ we immediately find, from (j34p - 

m, 

Ok'Oi'-ns,, = ^4(A^log(/) - 1) + Vg 

and hence 

1 + ^ Ok’OeVs,, ^ ^ 1^ ^2 log*/* - 1) + (-2/Cq0j,^V - Vg 

X 


Concerning the area term 


\Sr 



-/2 

r 


+ O(r') => ^y\Sr'\ = r'J / + 0(1) 


so that the limit of the Hawking energy is 


lim ran {Sr') 

r'^oo 


1 

IGvrVlSvr 




Trig. 


(41) 
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We now compute X. Using the explicit form of /Cg and it follows 


(/.2 </)3 +^t )+ ^3 ^2 


Q 

AB, 


.( 1 ), 


Ah^HA^B^j) AVAh^^^,B , 4V^0(^V,i? 




2 ^ . 1 ) , . 1 ) 


2 - +^D - ^diVg(sf^) 


=Va I --V^^^</>,i3 + 


To “I” i 


- 


+ - - 7 ^ 1 ^ 9 ( 54 ) 


and (HD) becomes (flOll after using the Gauss identity and (j) = Af □ 

Remark 5. It is interesting that all terms involving derivatives of (p (or 'I') combine themselves 
into a divergence and drop out after intergration. The behaviour of the limit of the Hawking 
energy under change of geodesic foliation is hence much simpler than one might have expected a 
priori. 


Given a past asymptotically flat null hypersurface, there are many possible choices of geodesic 
background foliations approaching large spheres. Any two such foliations are related by r = pr' 
with p satisfying 

\ogp + p^ = l (42) 

so that the Gauss curvature ()39p of q is also one. In this case the limit of the Hawking energy of 
the foliation {5^/} can be computed in two different ways, namely refering {5,./} to the background 
folition {Sr} and using Theorem [2] or considering {S^} itself as a background folition (so that the 
result would be (Hoi) with T = 1 and 0^^, all referred to the foliation {5^'}). It is clear 

that both results must agree. This requires a kind of covariance property of the integral in (1401) . 
Remarkably, this covariance occurs already at the level of the integrand, as we show next. All 
geometric objects referred to the geodesic foliation {Sb} will carry a prime. 

Theorem 3. Let Li he a past asymptotically flat null hypersurface endowed with an affinely 
parametrized background foliation {S'r} with generator k and approaching large spheres. Let p > 0 
be a Lie constant function and define the geodesic foliation by the graph functions 

r = Fr' := ro + pr', r' := r' — ro, (43) 


with p satisfying |^^[ ). Then 

- ^divq sf Aqq = - AA + gA') - ^divq' 44 

As a consequence we have the necessary invariance of the limit of the Hawking energy 

= jLI^ pfl + Ofl) W = X 
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Proof. The general expressions (IH3]l - (f36]l give the explicit form of the geometric objects of {iSr-'} 
in terms of the background folition {Sr}, namely 


Qab = 


k J~. 


nPY _ 


' _ of"’ Ah^^(l)^A<f,B . ^ 4:q^^4>^AisB)i 


+ 


+ 


, 2h^^VA^B<i> , 2VaA^^</>,c „(i) _ sPa <p,Lh^ 

Ai Ai A4 ^ ^ A 


2(/>2 

(1)' _ 1 A .^(1)' 


The Laplacian in two-dimensions is conformally covariant so that = -pAqOj^ , and hence 


3(1)' _ J_ 
(/)2 




< aA'^ el'Ai4, 2v-‘‘tfV,c 24‘’|v,#|| 


+ 




The divergence of a one-form in two-dimensions is also conformally covariant diVij'S^I^ = ^div^s^^^ 
and 

^ J 3 ^ + ^4>,A<P,Lh^^ - 

Putting things together many terms cancell out and we find 


(1)' ..(!)', .(lA oP ep 


- K’ + 9}^’ ) - 4div^,s^,^^ = ^ 


^ - ^rdiv^sl^^ 


cj) fp fP' ^ ^ 


Using the large sphere equation (I42h 




log (/> = 1 — 02 we find 


Aq /0 


( 1 )' 

k 




) 


4divg/s 


( 1 ) 

i' 



1 


Since the volume forms are related by rjq/ = fPr/q, the result follows. □ 

We have considered so far the limit of the Hawking energy for geodesic foliations with fixed 
initial surface Sq. The second step is to consider geodesic foliations with a different initial surface. 
Let us fix a geodesic background foliation {5^} aproaching large spheres and, as usual, let k be 
the associated null generator k satisfying k{r) = — 1. Any geodesic foliation with the same null 
generator is defined by the equation r' = const, where r' is any solution of k{r') = —1. Hence 
k{r — r') = 0 and the function r := r — r' is Lie constant. This function can be interpreted as 
the graph function of the initial surface Sr'=rQ in the original foliation {S,.'}. If {Sr'} starts at 
a larger initial value Tq, the graph function of 5^/ is given by an appropiate constant shift of r, 
namely r -|- Tq -|- tq . The following theorem gives the limit of the Hawking energy for the foliation 
{Sr'} and shows that the integrand is also covariant (in fact invariant) for this change of foliation. 

Theorem 4. Let Q be a past asymptotically flat null hypersurface endowed with an affinely 
parametrized background foliation {S'r} with generator k and approaching large spheres. Let r 
be a Lie constant function and define the geodesic foliation {S',-'} by the graph functions 


r = Fr' := T + r', 


(44) 
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Then we have q' = q, 

^ ^ 



-2 

"k — 

r' 

and 

1 

(Aj®; 


3 ( 1 ) 


.( 1 ) 




2 0''j, ' 2 t 2/\qT /—l—2\ 'a !—I—1\ 

+o{r si^A = - +o{r ^), 






r' 


^ - {0^^ + e^’) - m = ) - ^y^'^{s'A)i)m'- (45) 

Moreover, the limits of the Hawking energies along the two foliations coincide and read 

lim mniSr) = lim mniSr') = + 0^^^)r]g = f {O^}^ + 6 »f ^ )r]g>. (46) 

r^oo r'-^oo IbVT Jg2 IbVT J§2 

Proof. We write, as before, r = r — vq and r' = r' — ro, so that r = r' + r. Changing parameters 
in the first fundamental form 


3(l)^ 


7^.(1) 




lAB = qABT^ + hABr + 4 'ab = qAB{T + r'f' + O(r') = qABr''^ + 0{r') 
it follows q' = q. Similarly, (|26|) gives 


-2 e 


( 1 ) 


-2 


9 


( 1 ) 


-2 + 2t 


^^ = - + ^ + = 777 + 777)2 = TT + ^^ + -(- ^) 

so that 9^^^ = 9^^^ + 2r. For 9ii we use (fT4]) with a = 1, Qfc = 0 and F = F^'. First we change 
parameter in the expansion of the first terms in the right-hand side 


7 . 2 9f^ ,2, 2 

9i = - + 4^ + o{r 4 = - 

rp p 


3(1) 


TW + / -I\2 + 4"^' “ =7 + 

+ r' {t + r'Y r' 


41 _ 2 r 

^^+o(r'- 2 ). 




Since DF^/ = Dt independent of r and 7 "^^ = 0{r' ^), cf. (fT9l) . we have |D7/|^ = 0{r' ^) 
and the term 0^1447'1 7 = 0{r'~4- The same argument shows that S£(grad F) = 0{r'~^) and 
iF^(grad F,grad F) = 0{r'~^). The Laplacian term can be computed, using (|28]1 . as 

A, A. = 7 + = 7 + 


Inserting also these into expression (I14|) yields 


2 - 2t 2A4T 

C'f' = Z7 + 

r 


f /2 


f /2 


, 2^ 2 ^ - 2r - 2A4r , , 2^ 


+ o(r'- 2 ) = ^ + 


f /2 


as claimed. Note in particular that 9^^'^ = 9^^'^ — 2r — 2A^t. The expansion of the connection 
one-form is obtained from (jl2p with a = 1 and = 0. The term — 44^(44^, grad 7') is 
—4f^(XA,grad7') = —gradr) = =ta + Oij~4 after using ([25|). Given the expansion of 
Si in item (ii) of Definition [1] we conclude 


Si'A = + ^ + o(=) = ^—=-+ o(=) = 

p p p p p 


( 1 ) , 

Sp A F B A 




+ o(=7) 


Sp/ A — A + TA- 
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Inserting q', 6^^'* , 6^^'^ and s'p' in ) — AS/^'^{s'ji^i)riqi all terms in r cancel 

out and the invariance (1451) is established. For the last statement we use the fact that both 
foliations {S,.} and {5,.'} are geodesic foliations approaching large spheres. So, both can be taken 
as background foliations and in each case we can apply Theorem [2] with T = 1. Using the Gauss 
identity, the equalities 

limruHiSr) = [ i^k'^ + ^f^)'nq and lim 771^(5'^') = 

r^oo Ibvr J§2 r'^oo Ibvr J§2 

hold. Invoking the invariance (j45p the remaining equality lim mn(Sr) = lim muiSr') follows. 

r—>-00 r'^oo 

□ 


6 Limit of the Hawking energy for non-geodesic foliations 


Our aim in this paper is to obtain the limit of the Hawking energy along very general foliations 
{S',.*}. In the previous section we dealt with the general case when the foliations are geodesic. In 
order to go into more general settings we need to consider vector fields k' not affinely parametrized. 
We will however assume that k' is nowhere zero even at the limit at infinity. More specifically, we 
assume that there exists a function r' E satisfying k'{r') = — 1 and a geodesic background 

foliation (not necessarily approaching large spheres) defined as the level sets of a function r E 
such that ^ := r — r' decays at infinity in a appropriate way. In other words, the foliation {(Sr'} 
is assumed to approach at infinity a geodesic foliation {5^} at an appropriate rate. Conversely, 
given a geodesic background foliation and a function ^ E satisfying ^ = oi(l) we can define 

a function r' := r — ^ E The level sets of this function are smooth surfaces at least for 

points at large enough r. This is because dr'{k) = k{r — ^) = —1 — k{^) / 0 because k{£^) decays 
at infinity. Thus, for r bigger than some (possible large) value i?i, the level sets r' = const dehne 
a foliation {5^'}. Each surface on this foliation is transverse to k and hence spacelike. The null 
generator k' satisfying k'{r') = — I is given by k' = because 


k'{r') = 


1 


1 + Ki) 


k{r') = 


I 


1 + ^(0 


k{r — i) = —1. 


It is clear that the foliation {Sr/} is not geodesic in general. Given a value r' large enough, the 
surface Sr' is a graph on the brackground foliation {(S^}. The graph function r = F}/ is given by 
Pr'ip) = r' + ^{p) for all p G Sr'- As usual, we extend the graph function to Q by Lie dragging 
along k. Note that F}/ extended this way is not r' + but both agree on Sr' ■ Thus we can safely 
abuse notation an write the graph simply as F}/ = r' + ^. The following theorem gives the limit 
of the Hawking energy for the foliation {(S^'}. 


Theorem 5. Let LI be a past asymptotically flat null hypersurface endowed with an affinely 
parametrized background foliation {(S^} with generator k. Let f E J^(II) satisfy f = oi(l) n o^(l), 
and k{f) = o^{r~^) . Define the foliation {(S^'} by the graph functions 

r = Fr/:=r' + f. (47) 


Then the null expansions and the connection one-form of {Sr'} have, to leading orders, the same 
form as for the background foliation, i.e. 


-2 e 


( 1 ) 


— -zp + -^pr + o{r' ^), di' — + -:fpy + o{r' ^) spA — 


2}Cs 


](i) 




(4‘G 


+ o(r' ^) 


(48) 
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where r := r — tq, r' := r' — tq and all objeets refer to the haekground foliation. The limit of the 
Hawking energy along {5^/} is the same as the limit along {5^} and reads 


lim mH{Sr)= \im mn{Sr') 

r—^■oo r'—^oo 


-1 


Svr-v/lGvr 



'| 5 | 


Cs9<‘' + e‘‘> 




(49) 


where |5| is the area of {So,q) and r]q the corresponding volume form. 

Proof. The asymptotic expansion for 9k is obtained by simply changing the parameter of the 
foliation r = r' + ^ 


( 1 ) 


Ok = ^ + ^ + o{r ^) = 


-2 


+ 


9 


( 1 ) 


r' + ^ (r' + ^)2 


+ o(r' 




,(1) 

’k 


) = ^ + ^ + oir 




where ^ = oi(l) has been used in the last equality. Given that = (irfe)) ^ and /c(^) = o{r ^), 
the null expansion along k' is 


(^k' = 




which is the first expression in (I48p . We next compute 0^/ from (1140 with a = . Changing 

parameters in the first term of the right hand side, 


2 /C. 


+ 


9 


( 1 ) 


r' + ^ (r' + 


2 /Cq 

+ o(r^ = -=r + 


9 ^^^ — 2F 2fC~ 9^^'^ 

'£ I l—l- 2 \ _ I I „(—l- 2 \ 


j^/2 


+ o(r'-) = ^ + ^+o(r 


For the terms involving the graph function, it is immediate to check that \DFr'\^9k = o{r' '^), 
Sf(grad Fr') = o{r'~^), iF^(grad F^/jgrad F),/) = o{r'~^). For the Laplacian term (1281) gives 

A^F-/ = ^3^ _g o(r“^) = + o{r'~‘^) = ^0- + o(r'“^) = o(r'“^). 


i-yx r' 
r.X{ 


r 2 


because C = O 2 (!)■ Finally, k{f^) = o{r' implies ^ = 1 + k{f^) = 1 + o{r' and (fTTll is simply 


F = (1 + o(r'-^)) I ^ ^ + o{¥-^) 1 = ^ + ^ + o(r'-) 


2/C^ 9 


( 1 ) 


:^- 2 ^ 


2K.a 9 


( 1 ) 


f^'-2\ 


as stated in the Theorem. The connection one-form s^/ is obtained from (1121) with Qk = 0 and 
a = Given that a^A = o{r'~^) (because /c(^) = o^(r'“^)) and ^^(grad F/) = o(r'“^), we 

conclude 


Si'A = 



+ o{r' ^). 


We next compute the limit of the Hawking energy along {Sr'}. The metric in Sr' is 


l{r')AB = qABr'^ + o(r^) = qAB{r' + 0^ + o{r'^) = qABr'^ + o(r'^). 


so that in particular the rescaled limit metric and corresponding volume forms remain unchanged, 
q' = q and rigi = ijg. This, together with the expansions (1451) . already implies that the limit of 
the Hawking energy along {S^'j and along (S^j are the same. To obtain expression ([49|) we need 
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the volume form of Sr'- As with the metric 7 (r) or with the null expansion 6^ it suffices to change 
parameter in the volume form which is given by (1341) with (j) = 1 

Vs^, = ((r' + 0^ + + 0 + o(r')J riq = (r'^ + + o(f'))riq. (50) 

It is immediate to check that the product 0k'Gi''ns^i is 


0k'0i'Vs^, = (-4/C^ + + o(r'-^)J r,q 

so that, using Gauss-Bonnet Js^qVq = 4vr, 


1 + 


Ihvr 






On 

and 


the other hand |S'r'| = fg{r'‘^ + + o{r'))T]q = -|- o(r'^)=> -^[5^ = -|- o(r') 


^niSr') = ( y ^ J.(-‘^^sdk^ - + oir’ 

-1 


SvrVlGvr 


|5| /J/c4')+07))77^ + o( 1 ). 


□ 


We are ready to obtain our main Theorem [T] by simply combining the previous results. In 
fact, we state and prove a slightly more complete theorem that provides two different expressions 
for the limit. 


Theorem 6 (General Hawking energy limit). Let LI be a past asymptotically flat null hy¬ 
persurface endowed with an affinely parametrized background foliation {5'^} with generator k that 
tends to large spheres. Define the foliation {5^*} by the graph functions 

r = Fr' :=ro +^{r*-ro)+T+ (, (51) 

with 'h > 0, T Lie constant functions on H and f = oi(l) H o^(l) and k{f^) = o^{r~^). The limit 
of the Hawking energy along {5^*} is 


lim niHiSr*) = -; - 


1 


m 




g(l). 


m 


STT^lh 


vr 


1 


- id + d) - ^divdd) '^Vq, (52) 


where q, and 9^^* refer either to the foliation {5^'} or to the geodesic foliation {5^"} defined 
by the graph functions r = Fr" := + ■^(j’ — ^o) + t, and q, 6^^^ and refer to the 

background foliation {S'r}. 
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Proof. The strategy is to pass from the background foliation to {S^*} in three steps. The geometric 
elements of each foliation use the same symbol as the foliation, so the meaning of each quantity 
should be clear. Consider first a foliation defined by the levet sets of r' := r — r. Theorem |4] gives 




( 1 )' 

k 




Vq'- 


Consider next the foliation dehned by the level sets of r", where r' = — ro). Since 

{S'r'} is a geodesic foliation approaching large spheres, Theorem [2] implies the limit of the Hawking 
energy is 


j (AyO™' - + Op) - 4div«.(4‘'')) 

which, upon using ([6|) and r]q = rjg/, implies 

(\/X^^ i, - ("1" + "i'’* - (53) 

Now, {5r"} is geodesic but does not necessarily tend to large spheres. The final foliation {S'r*} 
is related to {5'^"} by r" = r* + Since satisfies the hypotheses of Theorem [5] we conclude 
that the Hawking energy has the same limit along {S'r»} and along {S'r*}. In combination with 
(|53|) this proves the second equality in ([5^ . For the first equality we simply note that the rescaled 
limit metric of {S'r»} is q = and apply again Theorem [5l □ 


Remark 6. In this paper we have considered null hypersurfaces extending to past null infinity. 
Obviously similar results apply for asymptotically flat null hypersurfaces extending to future null 
infinity. By repeating the arguments before, the following result is obtained: consider a future 
directed geodesic null vector k tangent to H and define the function r E by k{r) = 1 with 

r = ro on some initial cross section. The level sets {5'^} define a foliation which allows to construct 
a transversal future directed null normal i satisfying {k,i) = —2. If the rescalled asymptotic metric 
of the foliation is spherical q, the expansions of the null second fundamental forms and connection 

with respect to the past null case) 

0W ( 1 ) 

^ + o{r-^) = ^+ o(r-^) 

(with the same definition as in Theorem [6]) is 


+ (0^ + ef) - 4div^(5«)) ^r]q. 


one-form take the form (note the change of signs 

2 6 *-^^ -2 
% = = + ^ + 0 e = — + 

and the limit of the Hawking energy along {S'r*} 
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7 The large sphere equation and the Bondi energy-momentum 


As mentioned in the introduction, the limit of the Hawking energy when the foliation approaches 
large spheres is the Bondi energy. In this section we want to recover this fact from our general 
expressions. Recall first that the conformal group of the two-sphere is defined as the set of 
diffemorphisms $ : (S^,g) satisfying 0 G J^(S^,]R+) (i.e. the set of 

conformal diffeomorphisms). We restrict ourselves to the connected component of the identity 
of this group. It is well-known (see e.g. [25]) that this group is isomorphic to the connected 
component of the identity of Lorentz group of Minkowski space M^’^, and also isomorphic to the 
Mobius group of the Riemann sphere 

F : ^ (54) 

= ^ (“ '^s)'^~SH2X) ( 55 ) 


where z G C U {oo} ~ S^. In these coordinates, the standard metric on the sphere is q = 
(14-22)^ and the I = 1 spherical harmonics read 


rl ^ ^ + ^ 

^ 1 + zz 




z — z 
i{l -k z'z) ’ 




zz — 1 
1 + zz' 


(56) 


For a vector a G we write a -Y^ := These properties allow us to obtain easily the 

general solution to the large sphere equation (jUj). 


Proposition 6 (Solution of the large sphere eqnation). A smooth function (/> ; M"*" 

solves equation (f^lj) if and only if there exists a = (a^, a^, a^) G such that 


^ : = 


1 


Vl + lap + a-yi. 


(57) 


Proof. In terms of 'k := i, equation (H2]) becomes 

4-2 + (Aq4')4'- |V^|? = 1. (58) 

We first show that (|57|) solves this equation. Applying a rotation to we can assume without loss 
of generality that a = (0,0, c) and hence 'k = y/l + c^ + cY^. Thus = cA^Y^ = —2cY^ = 
—2'+ + 2Vl + c^, and IVTI? = (1 -k zz)‘^dz"^dz'l> = = —(T^ -k 1 — 2\/l + T), and (1581) 

holds after immediate cancellations. 

To show the converse we recall that equation (1421) is the statement that the Gauss curvature 
IC^ 2 ^ = 1. This means that there exist coordinates z' G C U {oo} where (jf^q = q+2'?)^ ' 
assume without loss of generality that the map F(z) = z' is orientation preserving. Since it is also 
an element of the conformal group, it must be an element of the Mobius group (1551) . Performing 
the pull-back of q 


(p^q 


4|fP 

(1 + | F | 2)2 


dzdtz. 
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Thus (/. = m |. Since |f = if follows 

1 . ^ \az + f3\^ + I'yz + 5\‘^ 

4> (1 + \z\^) 

Expanding in terms of / = 1 spherical harmonics yields 


^ = 


lap + I/3P + ItP + l<5|' 


+ Re (a/3 + ^6) Yi + Im (a/3 + yJ) Y 2 + 


lap - l^p + I 7 P - |(5|^ 


TP 


It is straightforward to check that this expression is of the form 'I' 
a E 


+ |op + o • T^ with 

□ 


Remark 7. The Bondi energy-momentum is a vector in an abstract Minkowski space. Let us recall 
the construction for the sake of completeness and because of a subtlety that arises in the case of 
past null hyper surfaces. The Lorentz transformation x'^ = A.{F)^yx'^ associated to the Mobius 
transformation F has a time direction dt' given by 

3 

u-.= da=R{F)\dt-Y,KF)\d.^- 

i=l 

The explicit map A(T) can be found e.g. in page 17 of [25]. Comparing hP^{F) with the expresion 
for a* above it follows 


u = \/l + \a\^dt — a^d^i. 

The construction of A(T’) in [25| is performed with the unit sphere lying at the intersection of the 
hyperplane t = 1 and the future null cone of the origin. It is hence adapted to future directed null 
hypersurfaces extending to future null infinity. In this paper we have considered null hypersurfaces 
extending to past null infinity. This case is obtained from the previous one by a time inversion, 
which has the efect that the observer u has the form 

u = sjl + \a\‘^dt + a''d^i 

in terms of the coefficients a* in the conformal factor 4>. Summarizing, to a background foliation 
{Sr} of II approaching large spheres with asymptotic rescalled metric q one can asign an asymptotic 
inertial reference frame {t, x*} in an (abstract) Minkowski spacetime. Given another such foliation 
{Sr'j with asymptotic rescalled metric (jr'^q, one associates an asymptotic inertial observer with 
time direction = (yG + lap, a*) in the basis dx^ above. 

We can now recover the result that the Hawking energy approaches the Bondi energy for 
spherical foliations. 

Corollary 3. Let Q be a past asymptotically flat null hypersurface endowed with an affinely 
parametrized background foliation {S^} with generator k that tends to large spheres. Consider 
another foliation associated to the parameter r* so that r = rQ + <f{r* — tq) -|- t as in Theorem 
O where f > 0 satisfies the large sphere equation Let E be the asymptotic inertial 

observer associated to this foliation. Then 

lim mniSr*) = := E'%, 

r*^oo 
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where is the Minkowski metric and the Bondi four-momentum vector Pb reads 

Ph ■= (-+ ( 4 '^ + ^) + ^div^ 4 '^) YlVa, i ^ { 1 , 2 , 3 }. ( 60 ) 

If, in adition, the energy flux deeay eondition of Proposition is satisfied, then the Bondi three- 

momentum simplifies to 

= + {Oi'^ + Y^Vd, i e { 1 , 2 , 3 }. ( 61 ) 

Proof. We can use expression ([ 52 ]) with '& as in (fSTjl so that 

^lin^mj^ (5r.) = j ^ ~ 4^^) ^\/l + |oP + ^ Yy/^ rjq (62) 

+ Yl (l^ (Ag^^ + dY) - 4 divg sf Y^Vq^ Y = -p{u, Pb), ( 63 ) 

with u = (y^l + |ap, a^, a^, a^) and Pfl as given in the statement of the Corollary. 

When the energy flux decay condition holds, we have from Proposition H] = V— 
^VBh^A’ integral (f 62 |) becomes 

(-3A40W _ (0(1) + 0(1)) + 2 VaVbA^^) ^aVq 


where 'ha := y^l + |op + a -Y^. Integrating by parts the last term and using that Hess^'ha = 
-(a • Y^)q = i(A4^a)g yields 



2VAVBh^^^m = 


/ 

JS2 





where in the first equality we used tr^A = 20^^^ and in the second we performed another integration 
by parts. Arguing as before, the expresion ([STTl for P^ follows. □ 


Remark 8. An analogous result can be obtained for the case of asymptotically flat null hypersur¬ 
faces n approaching future null infinity. Using the general expression in Remark [6] for the limit 
of the Hawking energy in this case and using the fact that ^a = y^l + |ap + a ■ Y corresponds 
now to the asymptotic observer with four velocity = (y^l + |ap, —a^, —of, —or"), the Bondi 
energy-momentum vector Pb satisfying limr*^oo MniSr*) = —ii{'^^Pb) ■= is 


Ph := Y (-AjOl* + (9f' + «'P) - 4<iivj 4") 
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The energy flux decay condition in this case implies (i.e. the analogous on Proposition [4]) 

4 ')^ = - \DBh^A 

and the Bondi momentum simplihes to 


= + (<' + »;'>)) yl-nt, i e {1,2,3}, 


Note that in this case 


El := ^ j + ( 0 ^^^ + 9^/>)) {u^ - 


/§2 


3(1) , , fl(l) 


(64) 


Remark 9. The relationship between the limit of the Hawking energy and the Bondi four-momen¬ 
tum for foliations approaching large spheres has been investigated in [25] and [2] (see also Definition 
4.2 in [2^). As a useful check, it is convenient to see how the results in this paper fit with the 
results in [2| . The setup there involves so-called null quasi-spherical coordinates which are adapted 
to a foliation by future outgoing null hypersurfaces {A4}, each of them foliated by codimension-two 
spacelike surfaces Sz,rB change Bartnik’s notation r to rs to avoid conflict with our notation 
above). Each Sz,rB induced metric isometric to the standard sphere of radius rs- In fact, 
the null quasi-spherical coordinates {z, rB-,9, cp} are such that the surface {z = const, = const} 
has induced metric r^(d0^ -|- sin^ 9d(j)) := r^q, which selects the diffeomorphism of Srg,z with the 
standard unit sphere (S^,g). Under asymptotic conditions along the null hypersurface involving 
the shear and its angular derivative, Bartnik shows among various other things that the Bondi 
energy-momentum is well-defined and agrees with the limit of the Hawking energy along the quasi- 
spherical foliation Sz^rs- More precisely, defining the mass aspect function m = ^vb 
of the sphere Sz^tb so that mniz, tb) = fg 2 mrjq (recall that H is the mean curvature vector 

of the surface), Bartnik shows that lim^g^oo w, = rriQ with rriQ G C°°(S^) and that, under sufficient 
decay of suitable components of the Einstein tensor which include the energy flux decay condition 
of this paper. 


Eb = lim ^ / mrjq = ^ [ 
tb-i-ooAtt Js2 4tt 

-Pb = lip / mY^rjq = — [ rrioYlrjq. 
r^oo47r y§2 47r Jg,2 


The null quasi-spherical gauge is such that ^ is automatically a divergence. Thus, for our 
results to fit with his it is necessary to select vq in the geodesic background foliation {S'rj (which 
is of the form r = vb Y so that 9^^ + 2ro is a divergence. An explicit computation shows that, 
in terms of our notation, mo = \{9^p ~4ro). Bartnik’s result is recovered from ([64)1 because, 

with the shorthand \= uq — v^Y^, 

— (Ag^ ’ + (4 ’ + t - (A^ + 2)(4. ’ + 2?'o)( ^uVq 
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where in the second expression we added zero in 


the form 0 = Jga (-(Ag + + 2ro)^ 


^uVq- 
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